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We present an experimental feasible proposal for synthesizing second-order topological superfluids
that support Majorana corner modes in spin-orbit coupled Fermi gases. For this purpose, we consider
the staggered spin-orbit coupling introduced in one direction. This results in a system consisted
of two sublattices, providing extra degree of freedom for the emergent higher-order topological
state. We find the topological trivial superfluids, first-order topological superfluids and boundary-
obstructed second-order topological superfluids, as well as different topological phase transitions
among them with respect to the the experimental tunable parameters. At the weak interaction
regime, the phase transition is characterized by the Chern number accompanied by the bulk gap
closing and reopening. However, at the strong interaction regime, we find the system can support
the boundary-obstructed topological superfluids with Majorana corner modes, but topological phase
transition dose not undergo the gap-closing of bulk bands. Instead the transition is refined by the
quadrupole moment and signaled out by the gap-closing of edge-state. The proposal is simply based
on the s-wave interaction and readily feasible via existing experimental techniques, which suggests
new possibilities in interacting spin-orbit coupled systems by unifying both first- and higher-order
topological superfluids in a simple but realistic microscopic model.
Compared with conventional solid-state systems, ultra-
cold atoms in optical lattices offer a remarkable platform
for investigating quantum many-body problems. Based
on existing optical techniques, the high controllability
and lack of disorder in ultracold atomic gases make it an
ideal platform for the discovery of unconventional topo-
logical phases that are difficult to be realized or evidenced
in ordinary condensed-matter systems [1, 2]. In particu-
lar, the engineering of the artificial gauge fields [3, 4] and
nontrivial atomic interaction or pairing [5–11] facilitates
the investigations in a variety of phenomena and phases,
including the topological hall effect [12–17], topological
insulators [18, 19], topological semimetals [20, 21], and
topological superfluids [22–25]. Among them, the en-
gineering topological superfluids has been attracted in-
tensive interests for its unconventional non-Abelian ex-
change statistics and the potential application in fault-
tolerant topological quantum computation [26].
It has been well known that traditional d-dimensional
topological superfluids support a bulk gapped phases
with topologically-protected Majorana edge modes
(MEMs) on the d − 1 dimensional boundaries [27],
which is specified as a first-order topological superfluid
(FOTSF) phase. By starkly contrast, for higher-order
topological phases [28–34], both the d-dimensional bulk
and the d − 1 dimensional boundary are gapped, but
the Majorana zero-energy modes (MZMs) arise at lower
dimensions. Particularly, the boundary-obstructed topo-
logical phases, e.g. the second-order topological superflu-
ids (SOTSF), support MZMs whose distribution are lo-
calized at corners of the two-dimensional (2D) lattice, i.e.
the Majorana corner modes (MCMs) instead of MEMs.
A set of schemes in solids [35–44] have been proposed for
realizing MCMs [35–38]. More recently, a novel class of
the higher-order topological phases, which is also named
as the boundary-obstructed topological phases [45] and
characterized by gap-closing of edge states, attracts a
great deal of attentions because of the enrichment of
boundary physics. Several schemes have also been pro-
posed for realizing the boundary-obstructed topologi-
cal superconductivity [46, 47]. However, most of those
schemes relies on nontrivial atomic interaction, which
generally faces unexpected frustrations, such as the in-
elastic three-body scattering [48], to be implemented
with current experimental technologies.
In this Letter, we aim to demonstrate an experimen-
tal feasible scheme for engineering the the boundary-
obstructed topological superfluids, specifically SOTSF,
in the ultracold Fermi gases. The main features of the
proposal are as follows: (i) The system comprises an
A-B sublattice structure, and the staggered spin-orbit
(SO) coupling is required for realizing the boundary-
obstructed topological phases. The engineering of the ho-
mogeneous SO coupling has been experimentally realized
[49–53]. We extend these results and propose an experi-
mental feasible scheme to realize the staggered SO cou-
pling, which is used for the boundary-obstructed topo-
logical phases. (ii) The proposal is based on the conven-
tional s-wave atomic interaction and overcomes practical
frustrations in generating the unconventional atomic in-
teraction. (iii) By changing the spatial modulation of the
SO coupling, we find the first- and second-order topolog-
ical transitions governed by different bulk-boundary cor-
respondences. Especially during the second-order transi-
2tion, the boundary-obstructed topological superfluids are
distinguished not by gap-closings of the bulk bands but
by those of the edge states.
Model Hamiltonian and physical implementation.—
We start with the spinful Fermi gas trapped in a 2D opti-
cal lattice. The lattice model with a spatial periodicity of
d is illustrated in FIG.1(a), which comprises an A-B sub-
lattice structure. The Fermi gases can be described by
the tight-binding model Hamiltonian composed of three
parts,
H = H0 +Hext +Hint . (1)
The first part describes the kinetic hopping term,
H0 = −
∑
j,s
∑
i=x,y
(tiψ
†
j,sψj+eˆi,s+H.c.)−
∑
j,s
µψ†jsψjs , (2)
Here ψs denotes the field operator for fermionic atoms of
pseudo-spin s =↑, ↓. tx,y is the magnitude of the nearest-
neighbor (NN) hopping, and is chosen as the energy unit.
eˆx,y stands for the unit vector. H.c. stands for the Her-
mitian conjugation. µ is the chemical potential.
The second part of Hamiltonian (1) describes the exter-
nal fields. To realize the boundary-obstructed topological
superfluid phase, we consider the staggered Rashba-type
SO coupling in accompany of a Zeeman field. Its form is
given by
Hext =
∑
j,s,s′
Vzψ
†
jsσ
ss′
z ψjs′ − (iαxψ
†
j,sσ
ss′
y ψj+eˆx,s′ +H.c.)
+ [iαy(ψ
†
2j−eˆy ,s
σss
′
x ψ2j,s′ + ηψ
†
2j,sσ
ss′
x ψ2j+eˆy ,s′) +H.c.]
(3)
where ψˆ ≡ (ψ↑, ψ↓)
T . σx,y,z are the Pauli matrices de-
fined in the spin space. Vz is the strength of the Zee-
man field. αx,y denotes the strength of the SO cou-
pling. In general, an optical lattice can be dimerized
in an A-B sublattice system via external optical fields
[19, 21] or the manipulation of the lattice geometry [54–
56]. In this way, it provides extra degrees of freedom
that are presented by the sublattice index. Besides, the
inter-sublattice interactions can be designed by the opti-
cal lattice configuration or laser fields. It paves the way
to engineer interesting Hamiltonians in ultracold atoms.
In this Letter, we follow this trick. Along the y direc-
tion, we modify the practical setup for generating ty and
αy. We impose a tilt gradient field δ accompanied by
a staggered offset δ′, which are both spin independent
as illustrated in FIG.1(b). The original NN hopping ty
is prohibited in presence of the gradient field δ, how-
ever will be restored if we apply linear polarized optical
fields G1(r) = G1 cos(2kLy) and G2(r) = G2 cos(2kLy)
whose frequencies respectively compensate the detuning
δ ± δ′ between atoms with the same spin in adjacent
sites. Here kL = pi/d. In this setup, since the pseudo-
spins stand for different atomic intrinsic hyperfine levels,
FIG. 1. (a) Illustration of the lattice model. The system is
dimerized in A-B sublattices in presence of the staggered SO
coupling αy. (b) Detailed setup for the blue dashed region in
(a). The NN hopping ty and staggered SO coupling αy are
generated by the optical fields G1,2 and M1,2, respectively.
the SO coupling αy can be instead engineered by the
circular polarized optical fields M1 = iM1 sin(kLy) and
M2 = iM2 sin(kLy), whose frequencies also respectively
compensate the detuning δ ± δ′. The onsite spin hy-
bridization is thus prohibited because of the odd parity
of M1,2(r) with respect to each site center. Meanwhile
M1,2(r) dose not lead to hopping between atoms with the
same spin because this is forbidden by the selection rule.
When the optical field strengths are prepared identical
(i.e. G1 = G2), the NN hopping is spatially uniform.
But the SO coupling inherits a spatially staggered struc-
ture if the optical field strengthsM1 6=M2. One can find
the spatial modulation of the SO coupling is character-
ized by the dimensionless parameter η = M2/M1, which
is artificially tunable via the field strengths.
The last part of Hamiltonian (1) describes the s-wave
interaction, which is usually controlled by Feshbach res-
onances,
Hint = −
∑
j
Uψ†j↑ψ
†
j↓ψj↓ψj↑ . (4)
Here U denotes the interaction strength. The minus sign
yields the interaction that we focus on is attractive. In
cold atoms, this gives rise to the superfluid state, in which
atoms form Cooper pairs in the same way as electrons do
in superconductors of solids.
Numerical results and phase diagram.— In order to
investigate nontrivial topological properties of the sys-
tem, we employ the mean-field Bogoliubov-de Gennes
(BdG) approach. By introducing the order parameters
∆j = −U〈ψj↓ψj↑〉 ≈ ∆, we can recast Hamiltonian (1)
3into a matrix form, i.e. the BdG Hamiltonian. In partic-
ular, due to the presence of the staggered SO coupling,
we rewrite Hamiltonian (1) in terms of A-B sublattices
by invoking the following representation,
ψ2j−eˆy ,s → ajs , ψ2j,s → bjs . (5)
In the transformation (5), the odd(even)-index sites
along the y direction are mapped to the ones
on A(B) sublattice, respectively. a and b are
the corresponding atomic operators of the sublat-
tices. In the momentum k space, under the base
Ψ = (ak,↑, bk,↑, ak,↓, bk,↓, a
†
−k,↓, b
†
−k,↓,−a
†
−k,↑,−b
†
−k,↑)
T ,
the BdG Hamiltonian is expressed as
HBdG(k) = −[2tx cos(kxd) + µ]τz − ty[1 + cos(kyd)]τzζx
− ty sin(kyd)τzζy + Vzσz +∆τx + 2αx sin(kxd)τzσy
+ [ηαy cos(kyd)− αy]τzσxζy − ηαy sin(kyd)τzσxζx ,
(6)
Here τx,y,z and ζx,y,z are Pauli matrices defined on the
particle-hole and a-b operator basis.
For simplicity without loss of generality, in the follow-
ing we shall choose tx = ty = t and αx = αy = α to
facilitate the further discussion. The order parameter ∆
can be obtained by self consistently minimizing the ther-
modynamic potential Ω. At zero temperature, Ω is given
by
Ω =
1
4
∑
k,ν
Eν(k)Θ[−Eν(k)] + E0 , (7)
where Eν(k) is the energy of the νth eigenstate of Hamil-
tonian (6). Θ(·) is the Heaviside step function that is
used to describe the Fermi-Dirac distribution at zero
temperature. The energy constant E0 = |∆|
2/U +∑
k[−2t cos(kxd) − µ − t − t cos(kyd)]. When ∆ 6= 0, it
outlines the superfluid phase region, otherwise is a nor-
mal gas if ∆ vanishes.
We numerically obtain the order parameter ∆ by mini-
mizing Ω. The phase diagrams are displayed in FIG.2(a)
and (b) with different interaction strengths. The super-
fluid phase region is composed of the trivial superfluid,
FOTSF, and SOTSF phases. To distinguish the FOTSF
and SOTSF phases, we inspect two topological invari-
ants: the Chern number C [58] and the quadrupole mo-
ment qxy [31]. The Chern number is widely applied in
characterizing MEMs, which is well known as bulk-edge
correspondence. It is defined by
C =
1
2pi
occ.∑
n
∫
Fnzdk (8)
with Berry curvature defined as Fn = ∇ × An and
Berry connection An = −i〈unk|
∂
∂k
|unk〉. The sum-
mation
∑occ.
n takes over all the occupied quasi-particle
bands and |unk〉 is the nth occupied eigenstate. The
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FIG. 2. (a)-(b) Phase diagrams at (a) U = 6t and (b) U =
12t. Other parameters are µ = 3t and Vz = 2t. Trivial SF
and N stand for the trivial superfluid and normal gas phase,
respectively. (c)-(d) The order parameter ∆, bulk gap Γ, and
Chern number C as functions of η at (c) (U,α)=(6t, 2t) and
(d) (12t, 3t). In (d), the quadrapole moment qxy is available
for the trivial superfluid and SOTSF phases [57].
quadrupole moment can be calculated by means of the
nested Wilson loop formalism [59]. It refines the topolog-
ically protected charges that characterizes the existence
of MCMs. In particular, the quadrupole moment is de-
fined by [31] as
qxy = p
ν+x
y p
ν+y
x + p
ν−x
y p
ν−y
x , (9)
where the invariants p
ν±x
y and p
ν±y
x are calculated by the
Wannier sector polarizations [60]. The system lies in
SOTSF when qxy is half quantized, otherwise is topo-
logical trivial when qxy vanishes.
The phase diagram exhibits distinct behaviors at dif-
ferent regimes in terms of the interaction strength U . At
weak interaction limit, c.f. FIG.2(a), we find two FOTSF
regions with Chern numbers of opposite signs. Specifi-
cally, when η = 1, Hamiltonian (1) is reduced to the stan-
4dard model and well known for supporting MEMs [22].
The SOTSF phase with a zero Chern number is isolated
from the trivial superfluid phase by the FOTSF regions.
At strong interaction limit shown in FIG.2(b), besides
the transition between two different topological phases,
one can find the system can undergo a direct transition
from the trivial superfluid phase to the SOTSF one. The
Chern number remains zero and thereby inadequate to
figure out the phase transition.
We emphasize that the crucial feature of the ex-
isted topological transitions relies on the intrinsic bulk-
boundary correspondence, but in various ways. To ex-
tract the underlying properties of topological transition,
we firstly plot the bulk gap Γ and the Chern number C
with respect to η in FIG.2(c) and (d). At weak interac-
tion regime, the bulk gap closes and reopens at the tran-
sition between different topological phases, as shown in
FIG.2(c). This is consistent to the conventional physics
picture, in which the topological transition occurs in ac-
company of the bulk gap closing as well as the changed
Chern number. The topological transition is known of
the first order, and obeys the ubiquitous bulk-edge cor-
respondence. The existed edge states are topologically
protected in FOTSF unless the bulk gap closes. However,
at strong interaction regime, an exotic topological tran-
sition without gap closing processes from the trivial su-
perfluid to SOTSF phases, during which the quadrupole
moment qxy plays the role of the topological invariant
as shown in FIG.2(d). In order to capture the features
of the SOTSF transition, we use the cylindrical geom-
etry by imposing a periodic boundary condition in the
x direction. The quasi-particle spectrum Eν is obtained
by diagonalizing the BdG Hamiltonian in spatial space,
shown in FIG.3(a)-(c). In the trivial phase, the system
hosts gapped edge states that are not topological pro-
tected. By increasing η, the edge-state gap closes at
the critical point and reopens when system evolves into
the SOTSF phase. Therefore, the topological transition
without bulk closing is of the second order, signaled by
the edge-state gap. The second-order topological tran-
sition follows the edge-corner correspondence [61] rather
than the bulk-edge correspondence. In another words,
the corners of the lattice plaquette play the role of bound-
aries while the edges are regarded as the bulk. SOTSF
supports the MCMs with zero energy whose density dis-
tributions are fully localized in the four corners, as shown
in FIG.3(d). The MCMs does not vanish without closing
the edge-state gap.
The Hamiltonian (6) of system obviously preserves the
particle-hole symmetry: PHBdG(k)P
−1 = −HBdG(−k)
with P = τyσyK and K standing for the complex con-
jugation. In presence of the Zeeman field Vz , the time-
reversal symmetry is broken. Moreover, the system does
not have chiral symmetry because Hamiltonian (6) is not
invariant by exchanging the a and b operators. There-
fore, the edge states are two-fold degenerate, resulting in
FIG. 3. (a)-(c) The quasi-particle spectrum with cylindrical
geometry for different η at (U,α) = (12t, 3t). Other param-
eters are the same with FIG.2(b). The two-fold degenerate
edge-state spectrum is highlighted by red solid lines. (d) The
spatial distribution of the MCMs in (c). The colors character-
ize the density magnitudes. The inset shows the quasi-particle
spectrum in the vicinity of zero energy. We employ the open
boundary condition in both the x and y directions. The lat-
tice size is set as L× L with L = 40.
four-fold MCMs as shown in FIG.3(d).
Discussions and Conclusion.— In practice, the tilt gra-
dient field δ is commonly introduced via a magnetic gra-
dient, which is widely applied in the laser-assisted tunnel-
ing technique [62, 63]. For the staggered offset δ′, we can
engineer a spatial periodic Stark shift to atoms, whose
periodicity is two times of the lattice one, c.f. FIG.1(a).
We remark that the choose of the spatial modulation of
G1,2(r) and M1,2(r) is necessary. This is because, in the
Wannier picture of the tight-binding model, the atomic
wave functions in adjacent sites are orthogonal, hence no
hopping or coupling is generated if one use spatially uni-
form fields instead. Along the y direction, M1,2(r) is of
the odd parity with respect to each site center. Thus the
engineered coupling between adjacent sites will have an
opposite sign in terms of the hopping direction, exhibit-
ing the prominent property of the SO coupling.
In summary, we demonstrate an experimental feasi-
ble scheme for engineering the the boundary-obstructed
second-order topological superfluids that supports
MCMs. The staggered SO coupling leads to the topo-
logical phase transition, yet exhibiting distinct phenom-
ena by changing the s-wave interaction. The FOTSF and
SOTSF phase transitions are separately characterized by
different topological invariants as well as band gap sig-
nals, revealing various bulk-boundary correspondences.
The proposal is feasible by means of current experimen-
5tal techniques, and can pave the way for exploring the
boundary-obstructed phases and the associated MCMs.
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Supplemental Materials
Here we present the technical details in calculating the quadrupole momentum by means of the Nested Wilson loops.
We firstly diagonalize the total 8-band Hamiltonian and obtain the Nocc = 4 occupied states |u
m
k
〉. Then we define the
Wilson loop operators Wx,k and Wy,k in the x and y directions, where k = (kx, ky) is the initial point of the Wilson
loop operator. For the L × L square lattice, by using the obtained occupied states, we define Nocc ×Nocc-dimension
matrix [Gx,k]
mn = 〈um
k+∆kx
|um
k
〉, where ∆kx,y =
2pi
L
eˆx,y. Thus we can define the Wilson loop operator in the discrete
limit
Wx,k = Gx,k+L∆kx . . . Gx,k+∆kxGx,k . (S1)
Because of the discretization of momentum k, the matrix G is not a unitary matrix. It can be mapped to be unitary
by the singular value decomposition (SVD) at each discretized momentum: Gx,k = UDV
†. In this way, by redefining
Fx,k = UV
†, we can rewrite the unitary Wilson loop operator as
Wx,k = Fx,k+L∆kx . . . Fx,k+∆kxFx,k . (S2)
Under the periodic boundary condition of a torus geometry, the eigenequation of the Wilson loop operator is expressed
as
Wx,k|ν
±,r
x,k 〉 = e
2piivjx(ky)|ν±,rx,k 〉 . (S3)
Here ± represent two different Wannier sectors, and r = 1 . . .Nocc/2. The nested Wilson loops along y-direction is
thus obtained as
W˜±y,kx = F
±
y,k+L∆ky
. . . F±y,k+∆kyF
±
y,k , (S4)
where
F±y,k = 〈w
±,r
x,k+∆ky
|w±,rx,k 〉 , |w
±,r
x,k 〉 =
Nocc∑
n=1
|un
k
〉[ν±,rx,k ]
n . (S5)
[ν±,rx,k ]
n are the components of the Wilson loop eigenstate |ν±,rx,k 〉. The Wannier sector polarization is given by
p
ν±x
y = −
i
2pi
1
L
∑
kx
Log[W˜±y,kx ] , (S6)
It is specified as a Z2 topological index: p
ν±x
y ∈ {0, 1/2}. Likewise, the other topological index p
ν±y
x can be obtained
following the same approach.
The quadrupole invariant qxy is expressed as
qxy = p
ν+x
y p
ν+y
x + p
ν−x
y p
ν−y
x . (S7)
In the SOTSF phase with (p
ν±y
x , p
ν±x
y ) = (1/2, 1/2), we have a half quantized quadrupole moment qxy. In otherwise
phases with (p
ν±y
x , p
ν±x
y ) = (1/2, 0) or (0, 0), qxy vanishes. Therefore, qxy can play the role of a topological invariant
featuring in the transition between the trivial superfluid and SOTSF phases.
We note that qxy is not available for FOTSF because the two Wannier sectors are gapless over the entire Brillouin
zone. But the transition from FOTSF to other phases can still be characterized by the Chern number as in the
conventional physics picture.
